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A NOTE ON THE LOCAL LIPSCHITZ TRIVIALITY OF VALUES
OF COMPLEX POLYNOMIAL FUNCTIONS
ALEXANDRE FERNANDES, VINCENT GRANDJEAN, AND HUMBERTO SOARES
Abstract. We address here the question of the bi-Lipschitz local triviality of
a complex polynomial function over a complex value.
Our main results states that a non constant complex polynomial admits a
locally bi-Lipschitz trivial value if and only if it is a polynomial in one complex
variable.
1. Introduction
One of the results of Thom’s famous Ensembles et Morphismes Stratifie´s [6] is
that, given any complex polynomial function f : Cn 7→ C, there exists a smallest
finite subset B(f) of values, called the bifurcation set of f , such that the space
f−1(C \ B(f)) is a smooth fiber bundle over C \ B(f) with model fiber f−1(a)
for any value a taken outside B(f). The bifurcation locus B(f) always contains
the critical values of f , but may contain also regular values. In particular for any
value a not in B(f), we always find a neighbourhood U of a in C such that f−1(U)
is diffeomorphic, as a fiber bundle, to the trivial bundle f−1(a) × U . A value a
at which this local triviality condition of the function f is satisfied will be called
typical value of the function.
On the other hand, given an algebraic family {St}t∈P of complex algebraic sets
of Cn or PCn, many results have been produced in the last fifty years to guarantee
the local topological constancy of St in a neighbourhood of a given parameter. Most
often it is controlled by the regularity of a tailored stratification of the parameter
space. Any subset S of a metric space (E, d) is a metric space in its own when
equipped with the ambient metric: the distance between any pair of points of S is
taken in the ambient space (E, d). Two subsets S, S′ of a metric space (E, d) are
bi-Lipschitz equivalent or have the same bi-Lipschitz type, if S, S′ are bi-Lipschitz
homeomorphic metric spaces. As a consequence of Mostowski’s result about the
existence of Lipschitz stratification of affine complex algebraic sets [3], there are
finitely many Lipschitz types in the family {St}t.
In this note we would like to address the following problem of equi-singularity:
Local bi-Lipschitz triviality of f nearby a value: Suppose a is a typical
value of a complex polynomial f . Can we find a neighbourhood V of the value
a such that f−1(V) is bi-Lipschitz homeomorphic, as a fiber bundle over V, to
f−1(a) × V ? The open subset f−1(V) is equipped with the ambient Euclidean
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metric while the trivial bundle f−1(a)×V is equipped with the product metric, that
is dist((x, t), (x′, t′)) = |x− x′|+ |t− t′|.
Since Cn is not compact the smooth structure of the bundle f−1(V) does not
a`-priori imply that it is also bi-Lipschitz in the sense presented above.
A polynomial f : Cn 7→ C is a polynomial in a single variable, if there exist n − 1
linearly independent vectors ξ2, . . . , ξn, of C
n such that ξj · f ≡ 0 for all j. The
main result we present here is the following :
Theorem 11. A non constant complex polynomial f : Cn 7→ C admits a bi-
Lipschitz-trivial value if and only if it is a polynomial in a single variable.
An equivalent reformulation of Theorem 11 is the following: A complex polyno-
mial f : Cn 7→ C, for n ≥ 2, is not a polynomial in a single variable, if and only if
for any values s, t, outside of a finite subset of C
dist(f−1(s), f−1(t)) = 0.
The paper is organized as follows. Section 2 starts with a counter-example in
two variables, namely f(x, y) = xy. Section 3 deals with the geometry at infinity of
the levels of the function and Lemma 4 gives a necessary condition on this geometry
for the function to admit a bi-Lipschitz trivial value. Section 4 is the core of our
arguments and deals with the main result in the plane case. The last Section
gives the proof in the general case using an induction argument on the ambient
dimension, which turns easy after the work in dimension 2.
2. local bi-Lipschitz triviality and counter-examples
Let f : Cn 7→ C be a polynomial of degree d ≥ 0. For any subset Z of C, let us
denote XZ := f
−1(Z), so that Xt := {f = t}.
As already mentioned in the introduction, a famous result of Thom [6] asserts
that the subset XC\B(f) is a smooth fiber bundle over C\B(f) with model fiber Xc
for some (any) c of C\B(f). In particular, the family of levels {Xt}t∈C has constant
smooth type at any point of C \ B(f). At any value lying in the bifurcation locus
B(f) of the function f , the smooth type of the corresponding level of the function
changes.
Any non-empty subset XZ is a metric space when equipped with the ambient
distance, that is taken in the Euclidean Cn.
Definition 1. A value c taken by f is called bi-Lipschitz trivial if there is a neigh-
bourhood V of c in C such that XV is bi-Lipschitz homeomorphic, as a fiber bundle
over V, to the trivial bundle Xc × V.
Again, the question we want to address is the following:
Question: Let c be any typical value. Does there exist a neighbourhood V of c such
that XV is, in the sense of fiber bundles, bi-Lipschitz homeomorphic to the trivial
bundle Xc × V ?
Before getting into the problem itself, observe that being locally smoothly trivial
as it is in a smooth fiber bundle is a local condition in the base of the bundle as well
as in the fiber. Asking local bi-Lipschitz-ness along the base, as we do, put some
global constraint fiber-wise speaking on the trivializing mapping, since the model
fiber Xc is not compact.
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The next Lemma although obvious is key to this note
Lemma 2. Let f : Cn 7→ C be a polynomial. Let c be a regular value taken by f
for which there exists ε > 0 such that
(i) the open ball Bε(c) consists only in regular values of f ;
(ii) The function f is bi-Lipschitz trivial over Bε(c).
Then there exists Lε > 1 such that
(1)
1
Lε
|s− t| ≤ dist(Xs, Xt) ≤ Lε|s− t| for all s, t ∈ Bε(c).
Proof. This is a consequence of the definition of bi-Lipschitz triviality. 
Let us consider the class of polynomials in a single variable: Let λ : Cn 7→ C be
a non-zero C-affine function. Let g : Cn 7→ C be a complex polynomial of the form
g = P ◦ λ for P : C 7→ C a non constant polynomial. Each level of g is a finite
union of parallel hyperplanes and we can check that the the bifurcation values of g
are the critical values of P . It is straightforward to check that each regular value
of the function g is bi-Lipschitz trivial.
We follow with a counter-example.
Proposition 3. Let f : C2 7→ C defined as f(x, y) = xy. The function f has no
bi-Lipschitz trivial value.
Proof. The bifurcation values of the function f reduces to the critical value 0. Let
s, t be two values of C \ 0. Since the levels of the function are graphs over C, an
obvious calculation gives:
dist(Xs, Xt) = 0.

3. Tangent cones at points at infinity
We present here Lemma 4, most likely already known. It yields a necessary
condition on the local geometry at infinity of the levels of a complex polynomial
function, if the latter were to admit a bi-Lipschitz trivial value.
Let H := PCn \ Cn = PCn−1 be the hyperplane at infinity.
Let [x : z] be coordinates over PCn such that H := {z = 0}.
Let Ui be the affine chart of PCn given by xi 6= 0 and U0 = Cn be the affine
chart z 6= 0
Let X be an affine and irreducible complex hypersurface of Cn. Let X be its
projective closure in PCn and let X∞ := X ∩H be its trace a infinity. Let F be
a reduced homogeneous polynomial of degree d such that X = {F = 0}. We can
write
F [x : z] = fd(x) + zfd−1(x) + . . .+ z
df0.
Let Y be another irreducible hypersurface of Cn whose projective closure Y is
given by the equation {G = 0} for an irreducible polynomial G of degree e
G[x : z] = ge(x) + zge−1(x) + . . .+ z
eg0.
Let p be a point of X∞∩Y∞. Let Cp(X) and Cp(Y ) be respectively the tangent
cones of the germs of (X,p) and (Y,p).
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Lemma 4. Assume that Cp(X) ∩ Cp(Y ) is not contained in TpH = Cn−1 × 0.
Then dist(X,Y ) = 0.
Proof. If the germ (X ∩ Y,p) is not empty then the result is true.
Assume that (X ∩ Y,p) is empty, that is X ∩ Y is contained in H.
Let ϕ, γ : [0, ε[ 7→ U1 be semi-algebraic and real Puiseux arcs such that
(i) ϕ(0) = γ(0) = p;
(ii) ϕ(]0, ε[) ⊂ X and γ(]0, ε[) ⊂ Y ;
(iii) ϕ′(0) = γ′(0) = ξ = (w, 1) ∈ Cp(X) ∩Cp(Y ).
In the chart U1 we can semi-algebraically re-parameterize the arcs as
ϕ(t) = (tw + t1+aA(t), t) ∈ Cn−1 × C and γ(t) = (tw + t1+bB(t), t)
with a > 0, A(0) 6= 0 or A ≡ 0, and b > 0, B(0) 6= 0 or B ≡ 0. Note that we cannot
have simultaneously A ≡ B ≡ 0. Thus when U1 is endowed with the canonical
Euclidean metric we know that
ϕ(t) − γ(t) = t1+cC(t) ∈ Cn−1 × 0
with c ≥ min(a, b) > 0 and C(0) 6= 0.
We find converging real Puiseux series A,B, such that we can also write
ϕ¯(t) = [1 : ϕ(t)] = [s : w+ s−aA(s−1) : 1]
and γ¯(t) := [1 : γ(t)] = [s : w + s−bB(s−1) : 1]
for s = t−1 so that when s→ +∞ we deduce
|ϕ¯(s)− γ¯(s)| = s−cC(s−1)
for C a converging real Puiseux series. 
We gave the result we just needed here, but the same proof shows that Lemma
4 stays valid for a much larger class of subsets. Indeed we have the following:
Remark. Let X,Y be two semi-algebraic subsets of Rn. Let X and Y be the
respective closures of X and Y taken in PRn = Rn ⊔PRn−1 (or in the closed unit
ball Bn1 = R
n ⊔ Sn−1 via the Nash embedding x 7→ x√
1+|x|2
). Assume there exists
p ∈ PRn−1 (or in Sn−1) such that p lies in X∩Y . If the intersection CpX∩CpY of
the tangent cones at p of the germs (X,p) and (Y ,p) is not contained in TpPR
n−1
(or in TpS
n−1) then
dist(X,Y ) = 0.
4. The Plane case
This section deals with the main result in the plane case, from which the general
case will be easily deduced.
The section is devoted to show the following
Theorem 5. Let f : C2 7→ C be a non-constant complex polynomial of degree d.
The function f admits a bi-Lipschitz trivial value if and only if it is a polynomial
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The rest of the section consists of three Lemmas dealing with all possible situa-
tions thus proving Theorem 5.
Let F : C3 7→ C be the homogeneous polynomial of degree d, such that f(x) =
F (x, 1) where x = (x1, x2). We write
F (x, z) = fd(x) + zfd−1(x) + . . .+ z
d−1f1(x) + z
df0(x).
Denoting z = x0, let Ai ⊂ PC2 be the affine chart {xi 6= 0} for i = 1, 2, 0.
For each t ∈ C, let Xt be the projective closure of the level Xt := {f = t} ⊂ A0,
that is
Xt = {F (x, z)− tzd = 0} ⊂ PC2.
For each t ∈ C, the intersection Xt ∩H is independent of f and is equal to
X∞ = {fd = 0} ⊂ H = PC1.
If the degree of the polynomial f is 1, it is an affine function, therefore of a single
variable, and the result is trivially true.
For the rest of the section, we further assume the following:
(i) The degree d is equal to 2 or is larger;
(ii) By Lemma 4, for any point p of X∞ ∩H, we require that either Cp(Xt) =
TpH for all but finitely many t ∈ C, or Cp(Xt) ∩ Cp(Xt′) = {p} for all
t 6= t′ but finitely many.
(iii) Up to a linear change of variables in C2, the point p0 := [1 : 0 : 0] belongs
to X∞.
Point (iii) implies that there exist a positive integer a and a homogeneous poly-
nomial gd of degree d− a such that
fd(x) = x
a
2 · gd with gd(1, 0) 6= 0.
Let [1 : u : v] = [x : 1] be local coordinates at p0, so that for each t, we define
the polynomial
gt(u, v) := F (1, u, v)− tvd
defined on the affine chart A1 = C
2. Let m be the multiplicity of F (1, u, v) at p0
which is at most equal to d.
Lemma 6. If m = d, the polynomial f is a polynomial in the single variable x2.
Proof. The hypothesis implies that for each k = 1, . . . , d, we have fk(1, u) = αku
k
for some real number αk. Thus the result. 
We are left now with the case m < d.
Lemma 7. Assume that m < d. There exist at most finitely many parameters
t1, . . . , tN , such that for any t, t
′ different from those, we find
dist(Xt, Xt′) = 0.
The proof of Lemma 7 will fill the rest of this section.
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Proof of Lemma 7. Complex polynomial map germs of bounded degree admits finitely
many contact-equivalence classes, (see Nishimura[4]). Besides, the zero loci germs
of any two contact-equivalent complex polynomial map germs have the same em-
bedded topological type: a local homeomorphism maps one zero locus germ onto
the other one. Considering the algebraic family of complex polynomial function
germs (gt)t∈C at p0 (of degree at most d), we deduce that there exist finitely many
parameters t1, . . . , tN , such that the embedded topological type of the plane curve
germ (Xt,p0) is constant for any t different from the latter ones. Let O be the
complementary set of t1, . . . , tN . For each parameter t of O, the germ (Xt,p0) has
exactly s ≥ 1 branches.
Claim 8. For each parameter t of O, there exist gt,1, . . . , gt,s, irreducible function
germs, providing reduced equations to each branch of (Xt,p0), such that
gt := gt,1 · · · gt,s .
Proof. The polynomials gt are defined over the whole affine chart A1 of PC
2. We
recall that x1v = 1, so that so that we have H ∩ A1 = {v = 0} and
f(x1, x2)− t = v−dgt(u, v).
For any parameter t of O, there exist gt,1, . . . , gt,s, irreducible function germs, pro-
viding reduced equations to each branch of (Xt,p0), and positive integers χt,1, . . . , χt,s,
such that
gt := g
χt,1
t,1 · · · gχt,st,s .
Assume that for each t that the germ gt is not reduced. Since ∂ugt = ∂ug, we
deduce that ∂ug is identically zero over a Zariski open set of A1, therefore
∂ug ≡ 0.
Then g depends only on v, that is f depends only on the variable x1 which is a
contradiction. We deduce that the subset Z of C of parameters t where gt reduced
is Zariski dense.
For t inO, letXt,j be the germ at p0 of the branch {gt,j = 0}, j = 1, . . . , s. Since the
embedded topological type of the curve germ (Xt,p0) = ∪sj=1Xt,j is independent of
t ∈ O, with these notations we can further assume that for each t, t′ ∈ O and each
j = 1, . . . , s, the pairs of germs (A1, Xt,j,p0) and (A1, Xt′,j ,p0) are homeomorphic,
so that they have the same Puiseux pairs, therefore same multiplicity µj .
For any parameter t ∈ Z \ {t1, . . . , tM}, we have
µ1 + · · ·+ µs = m.
For every parameter t of O, we deduce that
χt,1 = · · · = χt,s = 1.

Hypothesis: Up to removing finitely many values from O, we can assume that
any parameter t of O is also a regular value of f .
The proof splits into two cases: The irreducible one and the non-irreducible one.
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For every t, we deduce that
Cp0(Xt) = Tp0H = C× 0.
since we can write
gt(u, v) = g(u, v)− tvd = gm(u, v) + gm+1(u, v) + . . .+ gd(u, v)− tvd,
we deduce that there exists λ ∈ C∗ such that
gm(u, v) = λv
m.
In particular we can also write
g(u, v) = vmG(u, v) + P (u, v)
= vmG(u, v) +
m∑
k=1
vm−kfd−m+k(1, u)
= vmG(u, v) +
m∑
1
vm−ku(k+ak)hk(1, u)
with G(0, 0) = λ, hm is a (local analytic) unit at u = 0, and ak is a positive integer
whenever hk is non-zero (and thus is local analytic unit) for k = 1, . . . ,m− 1.
We recall the following elementary
Claim 9. Let m,β be positive integer numbers. Let ψ ∈ C{u} be a complex function
germ at 0 ∈ C of the form ψ(u) = uβ [b0 + u(· · · )] with b0 6= 0. Let ω be a m-th
primitive root of unity. Let P be the Weierstrass polynomial defined as
P (u, v) = Πmi=1(v − ψ(ωiu)).
Therefore we find
P (u, v) = vm + vm−1uβσ1(u) + . . .+ v
(m−1)βσm−1(u) + u
mβσm(u).
where
(1) σm(0) = b
m
0
(2) σj(u) = u
ηjτj(u) with ηj ≥ 1 and τj ∈ C{u} for j = 1, . . . ,m− 1.
Proof. It is just a consequence of the fact that the symmetric functions of the roots
of the polynomial Y m − 1 are zero, but for the 0-th and the m-th ones, that is, for
j = 1, . . . ,m− 1, ∑
1≤k1<...<kj≤m
ωk1+...+kj = 0

Case 1: Irreducible case.
We assume without loss of generality that f(0) = 0 and belongs to O. It just
makes the computations lighter to present.
We recall that, the germ (Xt,p0) has constant embedded topological type and
is irreducible for any parameter t of O. For each such a generic t, we write
gt(u
m, v) = g(um, v)− tvd = Ut(u, v)Πmi=1(v − ψt(ωiu))
= Ut · St(u, v)
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for Ut a unit at p0 and where ψt ∈ C{u} is the Puiseux root of gt. We find that
Ut(u, v) =
∑
k≥0
Ut,k(u)v
k and St(u, v) =
m∑
l=0
vm−lSt,l(u).
In particular we get St,0 = 1 and Ut,0 = λ. Since
gt(u, v) = tv
d +
d−1∑
j=0
vjGj(u);
and let us denote Gd = t and Gj ≡ 0 whenever j ≤ −1. With the convention that
St,l ≡ 0 for any l ≤ −1, we deduce that for each j ≥ 0
(2)
∑
k+(m−l)=j
Ut,k(u)St,l(u) = Gj(u
m)
By hypothesis, the embedded topological type of the branch (Xt,p0) is constant,
so that, equivalently, the Puiseux pairs of ψt are independent of t ∈ O by [1, 7]
(actually are bi-Lipschitz embedded-ly invariant [5, 2]). We find
ψt(u) =
s∑
p=1
uβpψt,p(u
αp) = uβ [bt,0 +
∑
p≥1
bt,ku
γk ]
with 1 ≤ γ1 < . . . < γp < γp+1 < . . . are integer exponents. Note that each ψt,p is
an analytic unit at u = 0. For j = 0 in Equation (2) we get
G0(u
m) = fd(1, u
m) = um(am+m)hm(u
m) = Ut,0(u)St,m(u)
= [λ+
∑
p≥1
vt,pu
rp ] · (Πmi=1(−ψt(ωiu)))
with either
∑
p vt,pu
rp identically null or each vt,p 6= 0 and 1 ≤ r1 < . . . < rk < . . .
are integer exponents. Then we get
d ≥ m+ am = β, and hm(0) = λω
m(m+1)
2 (−bt,0)m = λbmt,0
so that for each t, t′ in O, there exists 0 ≤ q ≤ m− 1 such that
bt′,0 = ω
qbt,0
Thus we can assume bt,0 = bt′,0 = b0.
Since for all t in the neighbourhood O the germs (Xt,p0) are irreducible with
constant embedded topological type, we can assume that for all t the root ψt writes
(3) ψt(u) = u
βB0(u) + u
β+κtA(t, u) ∈ C{u}
where B0 and At := A(t,−) are analytic units, with ψ0 = uβB0, and κt is a
positive integer for t lying in O \ 0. Since
g(um, v) = vmG(um, v) +
m∑
1
vm−kum(k+ak)hk(1, u
m)
we deduce that for each k = 1, . . . ,m− 1 that
(m− k)β +m(k + ak) ≥ βm, equivalently m(ak + k) ≥ kβ
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Since d ≥ m + ak = (m − k) + (k + ak) for each k = 1, . . . ,m − 1, we deduce
whenever m ≥ 2 that
(4) d > β
By Lemma 9 we deduce that for each t of O and for each k = 1, . . . ,m− 1, we
find
(5) Sl,t(u) = b
m−l
0 u
(m−l+1)β+µlσt,l(u)
with µl ∈ N≥1, where σt,l is analytic for all t of O, and either a local unit or
identically zero for all t in O \ 0.
Let us write ψ for ψ0 and Uj for U0,j and Sk for S0,k. Since for j = 1, . . .m− 1,
we know that
hm−j(1, u
m) = Gj(u
m) =
∑
k+(m−l)=j
Uk(u)Sl(u),
we deduce that for k = 1, . . . ,m− 1,
(6) uk+akhk(1, u
m) = ukβ+ηkhk(1, u
m)
with ηk ∈ N≥1.
Using Equation (6) we can write P (um, v) = umβR(u, v) where
R(u, v) = hm(1, u
m) + vum(m−1+am−1−β)hm−1(1, u
m) + . . .
+vm−1um(1+a1−β)h1(1, u
m)
= v
uβ
uηm−1hm−1(1, u
m) + . . .+
(
v
uβ
)m−1
uη1h1(1, u
m)
Let us consider the following ”blowing up”:
v = ψ0(u) + u
βw = uβ [B0(u) + w],
so that the (strict transform of the) branch corresponding to g = 0 is given as w = 0
after blowing-up. Thus we find
g(um, v) = umβ · wµ · φ(u,w)
for a local unit φ and µ a positive integer. We find
(7) wµφ(u,w) = (B0 + w)
mG(um, uβ(B0 + w)) +R(u, u
β(B0 + w)).
The function germ (u,w) 7→ R(u, v(u,w)) is analytic in (u,w). We obtain
R(u, uβ(B0 + w)) = hm(1, u
m) + (B0 + w) · uηm−1hm−1(1, um) + . . .+
(B0 + w)
m−1uη1h1(1, u
m)
We recall also that
G(u, v) = Gm(u) + vGm+1(u) + . . .+ v
d−1Gd−1(u).
Let us examine the coefficient of w in the expression of φ. Writing
wµφ(u,w) = wφ1(u) + w
2φ2(u,w),
an elementary computation from Equation (7) yields
µ = 1, and φ1(u) = mb
m−1
0 λ+ uθ1(u)
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for an analytic function θ1. Resolving the equation in v
g(um, v) = tvd
turns into resolving the equation in w,
w[mB0(u) + θ(u,w)] = tu
β(d−m)(B0 + w)
d
for θ an analytic function germ vanishing at (0, 0).
Lemma 10. For all t in the neighbourhood O, we obtain
κt =
(d−m)β
m
Proof. The equation g = tvd, for t 6= 0, has a solution after blowing-up which writes
as follows
w = uβ(d−m)Bt(u)
where Bt(0) 6= 0. Since v = uβ[B0(u) + w] we find κt = β(d−m)m . 
To conclude the irreducible case, it remains to check that the distance between
two generic levels of the polynomial f is 0.
For generic t, we obtained κt =
β(d−m)
m
=: κ is constant and that At(0) 6= 0. Thus
ψt(u)− ψ(u) = uβ+κAt(u)
The mapping u 7→ [1 : um : uβB0(u) + uβ+κAt(u)] = [x : yt(x) : 1] is a parameteri-
zation at infinity of the branch Xt. Suppose that t is fixed, then
x =
1
uβ(B0(u) + uκAt(u))
and yt(x) =
um
uβ(B0(u) + uκAt(u))
and we deduce
u = x
−1
β [θ0 + x
−κ
β αt]
where θ0 is an invertible converging power series in x
−1
β , independent from t; and
αt is a converging power series in x
−1
β with α0 ≡ 0. We find
yt(x) = x
β−m
β [θm−β0 + x
−κ
β γt].
and γt is a converging power series in x
−1
β with γ0 ≡ 0. Therefore
yt(x)− y0(x) = x
β−m
β
+ (m−d)
m δt.
and δt is a converging power series in x
−1
β . Since m < β = am +m ≤ d, we deduce
lim
x→∞
yt(x)− y0(x) = 0.
Case 2: Non-irreducible case.
Claim 8 asserts that, for each t ∈ O, the function germ gt is reduced at p0, namely
gt := gt,1 · · · gt,s,
for irreducible function germs gt,1, . . . , gt,s.
For each i = 1, . . . , s, we have
gt,i(u
mi , v) = Ut,i(u, v)Π
s
j=1(v −At,i(ωji u)) = Ut,i(u, v) · Pt,i(u, v)
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where Ut,i is an analytic unit and At,i is analytic and At,i(u) = u
βi ·Unit for (mi, βi)
the first Puiseux pair of the branch {gt,i = 0}, and last, ωi is a mi-th primitive root
of unity.
Let L be the lowest common multiple of m1, . . . ,ms, so that we have L = Li ·mi
for each i = 1, . . . , s. Let
Pt(u
1
L , v) := Πsi=1Pt,i(u
1
mi , v)
Thus we deduce
gt(u, v) = (Π
s
i=1Ut,i(u
1
mi )) · Pt(u 1L , v) = Ut(u 1L , v) · Pt(u 1L , v)
Thus for each i we write
Pt,i(u
1
mi ) = vmi +
mi−1∑
j=1
vmi−j · uj
βi
mi
+et,i,j · St,i,j(u
1
mi ) + uβi · St,i,mi(u
1
mi )
where St,i,j is either identically zero or an analytic unit and St,i,mi(0) 6= 0. Let
uL := u
1
L and β :=
s∑
i=1
βi.
From Lemma 9, we know for i = 1, . . . , s, that
(1) et,mi,i = 0 and,
(2) miet,ki,i ≥ 1 for 1 ≤ ki ≤ mi − 1.
Then
Pt(uL, v) = v
m +
m∑
j=1
vm−j · upt,jL · St,j(uL) + uβLSt,m(uL)
where St,j is either identically zero or an analytic unit, in which case pt,j is a
positive integer, and St,m(0) 6= 0. Let again
Im−j := {k ∈ Ns : mi ≥ ki ≥ 0 for i = 1, . . . , s, and
s∑
i=1
ki = j}
Let b be the vector of Qs with coordinates bi =
βi
mi
. For k = (k1, . . . , ks) ∈ Im−j ,
let
Et,k :=
s∑
i=1
et,ki,i and 〈k,b〉 :=
s∑
i=1
ki · bi.
We observe that for j = 1, . . . ,m− 1, that
Et,k > 0.
We deduce for j = 1, . . . ,m− 1,
u
pt,j
L · St,j(uL) =
∑
k∈Im−j
u〈k,b〉+Et,k ·Πsi=1St,i,ki(u
1
mi )
with the convention that St,i,0 := 1.
Hypothesis: β1
m1
≤ β2
m2
≤ . . . ≤ βs
ms
.
In order to avoid discussing convergence systematically, we will work in C[[u
1
L , v]].
We get
Ut =
∑
k≥0
Ct,k(uL) · unt,kL · vk
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with C0(0) = λ and n0 = 0, Ct,k either identically zero or a unit, with, in this latter
case, nt,k ∈ N. Since g − tvd = Ut · Pt we deduce that for each k = 1, . . . ,m− 1,
uk+ak · hk(1, u) =
m∑
j=k
u
pt,j+nt,j−k
L · St,k · Ct,j−k
and thus
k + ak ≥ min
j=k,...,m
pt,j
L
≥ min
j=k,...,m
( min
k∈Im−j
〈k,b〉+ Et,k)
For each k = 1, . . . ,m− 1, let k0 = (k1, . . . , ks) ∈ Ns such that ki ≤ mi and
min
j≥k
( min
k∈Im−j
〈k,b〉+ Et,k) = 〈k0,b〉+ Et,k0 .
Let m = (m1, . . . ,ms). We deduce that for k = 1, . . . ,m− 1, there exists εt,k > 0
such that
(8) (m− k) βs
ms
+ k + ak ≥ 〈m − k0,b〉+ 〈k0,b〉+ Et,k0 = β + εt,k
Since gt(u,At,s(u
1
ms )) = 0, Equation (8) yields
m
βs
ms
= β,
from which we deduce
β1
m1
=
βi
mi
, i = 1, . . . , s
As a consequence of this fact, we deduce that
g(u, v)− tvd = vm · Unit− uβ · Unit− tvd
where the units are a-priori formal but such that each Unit(uL, v) is analytic. From
such an expression we conclude as in the irreducible case. 
5. Main result: General case
The section is devoted to show the main result of this note:
Theorem 11. Let f : Cn 7→ C be a non constant complex polynomial. The function
f admits a bi-Lipschitz trivial value if and only if it is a polynomial in one variable.
This result follows immediately from the following
Lemma 12. Let f : Cn 7→ C be a complex polynomial of degree 2 or larger. Assume
that there exist a complex value c and a neighbourhood U of c in C such that there
exists a positive constant L for which the following hold true:
dist(f−1(s), f−1(t)) ≥ L|s− t| for any s, t ∈ U .
Then f depends only on a single variable.
Proof of Lemma 12. It is sufficient to show that f depends on n− 1 variables, that
is there exists a non zero vector ξ of Cn such that ξ · f ≡ 0. Indeed, an induction
on the dimension of the ambient space will work since we have proved Theorem 5
treating the plane case.
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Let F : Cn+1 7→ C be the homogeneous polynomial of degree d, such that
f(x) = F (x, 1). Thus
F (x, z) = fd(x) + zfd−1(x) + . . .+ z
d−1f1(x) + z
df0
For each t ∈ C, let again Xt be the closure in PCn of the level Xt := {f = t}, and
thus,
Xt ∩H = X∞ = {fd = 0} ⊂ H.
By Lemma 4 and the current hypothesis, we must have
(9) Cp(Xt) = TpH for each t ∈ U .
After a linear change of variables in Cn, the point p0 := [1 : 0 : 0] is a point of X
∞,
thus of any Xt.
Induction Hypothesis: Assume n ≥ 3 and Lemma 12 holds true in dimension
2, . . . , n− 1.
Let us write again x = (x1,y) ∈ C × Cn−1. In the affine chart U1 := {x1 6= 0}
of PCn, with affine coordinates [1 : u : v], we define
gt(u, v) = F (1,u, v)− tvd
= fd(1,u) + vfd−1(1,u) + . . .+ v
d−1f1(1,u) + (f0 − t)vd
The (possibly non-reduced) affine equation f(x)− t = 0 writes in the chart U1
gt(u, v) = 0.
Let m be the multiplicity of g0 at p0 = (0, 0) ∈ Cn−1 × C = U1.
• If m = d, as in the case n = 2, we deduce that each u 7→ fk(1,u) is either null or
homogeneous of degree k. Which implies that f(x) = f(y).
• Assume that m < d. Since
gt = g0 − tvd = gm + . . .+ gd + (f0 − t)vd
where each gk, for k = m, . . . , d, is a homogeneous polynomial of degree k and
independent of t, using Lemma 4, we deduce as in the case n = 2 that gm = λv
m.
Note that
gt(u, 0) = fd(1,u).
Since fd(1, 0, . . . , 0) = 0 but fd 6≡ 0, we can assume that the affine coordinate x2
is such that fd(x1, x2, 0) is not constant since the multiplicity of u 7→ fd(1,u) at
u = 0 is at least m+ 1 ≥ 2.
Let fo be the restriction of f to C2× 0 and let fok be the restriction to C2× 0 of
the homogeneous component of degree k of f . Since fod is homogeneous of degree
d and not constant, thus fo is not constant and of degree d. Let Xot := {fo − t} =
Xt ∩ C2 × 0. Let F o be the restriction of F to C2 × 0× C, that is
F o(x1 : x2 : z) = F (x1 : x2 : 0 : . . . : 0 : z).
Let po0 = [1 : 0 : 0] ∈ PC2. Taking coordinates in the affine chart x1 6= 0 of PC2,
we get
got (u, v) = F
o(1, u, v)− tvd
= fod (1, u) + vf
o
d−1(1, u) + . . .+ vd− 1fo1 (1, u) + (f0 − t)vd
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In particular we see that at po0 the multiplicity of g
o
t is m < d, and thus from the
work done in dimension 2 we deduce that
dist(Xot , X
o
s ) = 0.
Therefore the case m < d cannot happen. So ends the induction procedure and
thus the proof of Lemma 12. 
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